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Abstract
Let S be a set of finite planar points, ¢ line segment L(p,q) with p,q € Sis called a stable line seg-
ment of S, if there is no line segment with vwo endpoints in S intersects L(p,q). In this paper, an on—

line algorithm with O(n’log:1) time and O(nlogn) update time is also given.

Keywords on-line algorithm; stable line segment, convex hull
Classification 68Q25,52C25

1 Introduction

For S, a set of n points in a plane, a line segment denoted by L(p,q) with endpoints
2,qis called a stable line segment of S, if there is no line segment with two endpoints in S
intersects L(p,q) . Another geometrical interpretation of a stable line segment L(p,q) is
the point p and point q always see each other, no matter whtat line segments with end-
points in S are added. In this case, the pair of points {p,q} can be also thought of as a
strongly visibility pair of points. Clearly, the set of stable line segments of S is very im-
portant in the study of some visible problems with S and as shown in [1], the set of all
stable line segments of S also plays an important role in the design of algorithms that pro-
duce minimum weight triangulations of S. For the convenience of discussions, we assume
that S is a simple point set(that is , no three points in S are collinear). The set of all sta-
ble line segments of S is denoted by SL (S). In this paper, an on-line algorithm with

O(n*logn) time and O(nlogn) update time is given.
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2 An On-line Algorithm

The off-line algorithm examined in [1] requires all of the data to be present before
any processing begins. In many geometric applications, particularly those that run in real-
time, this condition connot be met and some computations must be done as the points are
being received. In general, an algorithm that cannot look ahead at its input is refered to as
on-line, while one that operates on all the data collectively is termed off-line. A general
feature of on—line algorithms is that no bound is placed on the update time, or equivalent-
ly, a new item(point) is input on request as soon as the update relative to the previously
input item has been completed. We shall refer to the time interval between two consecu-
tive inputs as the interarrival delay. A more demanding case of on-line applicatins occurs
whtn the interarrival delay is outside the control of the algorithm. In other words, inputs
are not acquired on request by the algorithm, but occur with their own independent tim-
ing; we shall assume, however, that they be evenly spaced in time. For this situation, the
update must be completed in time no greater than the constant interarrival delay. Algo-
rithms for this mode of operation are appropriately called in real-time. it should be pointed
out that frequently known on-line algorithms arz globaily less efficiently than che corre-
sponding off —line algorithm (some price must b2 paid to acquire thie on-line property).

The design of cr-iine of a on-line problem iz a cucrent hot topics in optimization theo-
ry. For a lot of problems, the corresponding on-line problems and on-line algorithms were
given in [2],[3],[4],[5]. In the following, we will give an on-line algorithm that pro-
duces SL(S) for a simple point set S.

Problem. Given a sequence of N points in the plane, p,,p;,***, Py » (Suppose that S =
{p.:t=1,+,N}is a simple point set), find their SL(S) in such a way that p, is processed
we have SL({p;,sp2s***+P.}) -

Lemma 2.1 Let L be a set of n line segments with endpoint set S, 1 be a line seg-
ment with two endpoints in S. To determine whether 1 is in L can be done in O(logn) time
and O(n) storage with O(nlogn) preprocessing time.

Proof. LetS = {p,,p,5***+ 2.} - For the convenience of discussion, we assume that for
L(pi,p) € L, satisfy i{j,L(p,,p,){L{ps,p) if i<k or i=k,j{l. Sort the n line segments
in L lexicographically and let L = {{;,{;,>**,{,} li{l,415i = 1,---,n-1. The sorting process

(Pss], Since L is ordered, we can test

can be done in O(nlogn) time and O(n) storage
whether | is in Lin O(ogn) time. This ends the proof.
From Lemma 2.1, we have

Lemma 2.2 Let Z,and L,be two line segments sets. |L,| =m,,|L,| =m, , then the
intersection of the two sets, L, {) L, , can be found in O(m,logm,) time with O(m,logm,)
preprocessing time and O(m, + m,) storage.

For investigating on-line SL(S) algorithm for a simple point set S, we need the fol-

lowing three lemmas.

Lemma 2. 3139 The constained triangulation on a set of n points(i.e. , a set of trian-
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gulation edges may be prespecified in the problem statement) can be algorithmically con-
structed in O(nlogn) time and O(n) storage.

Lemma 2. 47 Point location in an N-vertex planar subdivision can be effected in
OUlogN ) time using O(N) storage, given O(NlogN) preprocessing time.

Lemma 2. 5"  To determine whether a line segment with two endpoints in S is in

SL(S) can be answered in O(nlogn) time and O(a) storage.
For a point sequence py,p;+°**sPa »1et S; = {prrpar s p.} ,LP‘(S.,l) = {L(pup):k =1,
ceeyi — 1} »Lp, be the set of line segments with one endpoint p;and in SL(S,) . Suppose that
we have SL(S,) and p, » we will show how to find SL(S,) . First,we construct a triangula-
tion of S,;,T(S..;) .this can be done in O(ilogi) time from LLemma 2. 3, since S, is a simple
point set. From Lemma 2. 4, we can decide the location of point p, in the subdivision con-
sisting of T(S,.,) in O(log¢) time. There are two cases, 1) p, locates in some triangle of
T(S.1) » let A ,,, be the reiangle ¢G5 € S.-1+ 2) p: locates outside the convex hull,
CH(S:y),of S...

Case 1. We know that in this case L{q.,p,)»j=1,2,3 are the only chree line segments
that may be in SL(S;) with one endpoint p; and from Lemma 2.5 we xnow that O(ilogi)
time is enough to test whether L{g;,£.),7=1,2,3are in SL(S,). Since p,is a new point,
some line segements in SL(S, ;) may be vanished in SL(S,). It is obviolus that if I is in
SL(S,,) and is not in SL(S;) ,then | must intersect a line segement L(q, ;) for some ¢ €
S.—1i. e. , I must intersect a line sebment in Lp,(s,.,) . From Lemma 2. 3, we can constuct a
triangulation of S,,7* (S,) , such that L,(S-DET*(S) . Clearly, T* (S) N SL(S,_))is
just the set of line segments that be in both SL(S;_) and SL(S;) . From Lemma 2. 2, we
know that T*(S,) 1 SL({S,-)) can be found in O (ilogi) time. Add. L, to T*(S)H N
SL(S.-,) , we have SL(S.) ,since SL(S,) =T*(S) N SL(S._D U L, .

Case 2. Let C,_, be convex hull of S;_, it is shown in [5] that we can find two support-
i.ig lines (a supporting line of a convex polygon P is a straight line 1 passing through a ver-
tex of P and such that the interior of P lies entirely on one side of 1) from p; to C,; in
O(logi) time and O(7) storage. So we can find L, in at most O(i) time from the fact that L,
consists of the line segments with one endpoint p; and the other endpoints on the convex
hull of S, and between the two supporting points that faced to p, (Since IL,| | may be the
same order of O(7)) . The next step is the same as in Case 1.

From the discussion in case 1 and case 2, we know that the computations from
SL(S;,) to SL(S,) can be done in Ologi) time. So we can design an on-line algorithm
that produces SL(S) in at most O(n*logn) time and O(n) storage, since

> OGlogi) = O(n*logn)

=3
Theorem The SL(S) of a simple point set S consists of a point sequence p,, 3, » P, can

be found on-line in O(n*logn) time with O(nlogn) update time, that is, in real-time.
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