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Abstract. Falling across the problem of the unforeseen congested events
in the logistic transportation, we build the online vehicle scheduling
model with the recoverable congested vertices in this paper. Our optimization objective minimizes the total time of online scheduling. Considering the dynamic occurrence characteristics of the congested vertices one
by one, we ﬁrst introduce three online scheduling strategies, i. e., Greedy
Strategy, Reposition Strategy, and Waiting Strategy, and analyze the
advantages and disadvantages of competitive performances of the three
strategies. Then we propose the Simple Choice Strategy. By competitive
performance analysis, we think that the Simple Choice Strategy could
be an optimal scheduling scheme for online vehicle transportation.

1

Introduction

In practice, the carrier often transports goods by the vehicle from the origin to
the destination. The crossings and roads of traﬃc networks are viewed as the
vertices and edges of the weighted and undirected graph G = (V, E), where V is
the set of all vertices with |V | = n, and where E is the set of all weighted edges.
Let O be the origin and D the destination respectively, and Oi (1 ≤ i ≤ n − 2)
be the other vertex. Let w(x, y) be the time needed for the vehicle to move from
the vertex x to the vertex y in graph G. In fact, the carrier always hopes that
the vehicle can move along the optimal route so as to minimize the time, while
the optimal route is not creditable, because some vertices may be blocked so as
not to pass through. Let us ﬁrst consider the following problems:
Q1. If the carrier knows the congested sequence Rk = (r1 , r2 , · · · , rk ) and the
relatively recoverable time sequence T (Rk ) = (t(r1 ), t(r2 ), · · · , t(rk )) in advance,
then how the vehicle is scheduled to minimize the total time?
Q2. If the information of the congested sequence Rk and the relatively recoverable time sequence Tk is dynamically available, i.e., when the carriers can only
know the past and present information, but can not know the future information,
how the vehicle is scheduled to minimize the total time?
Since Q1 is an oﬄine problem, the carriers can obtain the optimal route by
using the classical optimization theory. While Q2 is an online problem, with the
dynamic recurrence of the congested vertices and the recoverable time of the
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relatively congested vertex one by one, it is diﬃcult to deal with Q2. However,
in recent years, there occurs an interesting research focusing in the ﬁeld of algorithms, which is the online algorithm. The method of competitive analysis can
be used to solve online problem in some sense [1–9].

2

Basic Assumptions

For the convenience of discussion, basic assumptions of online vehicle scheduling
problem are stated as follows.
(1) Suppose the vehicle always meet k (k > 0) number vertices, while going
from O to D by whatever route, and suppose Rk = (r1 , r2 , · · · , rk ) be a congested
sequence, and Ri = (r1 , r2 , · · · , ri ) (0 ≤ i ≤ k) be a subsequence of Rk . For i = 0,
R0 means that the vehicle doesn’t meet the congested vertex.
(2) Blockages happen at the crossings. Let t(ri ) (i = 1, 2, · · · , k) be the recoverable time of the congested vertex ri , T (Rk ) = (t(r1 ), t(r2 ), · · · , t(rk )) be

the total recoverable time sequence of Rk , i.e., T (Rk ) = ki=1 t(ri ) . Once the
congested vertex is recoverable, it cannot be blocked again.
(3) Graph G deriving from the removal of the congested vertices in Graph G
is also connected.
(4) Let Topt (OD|Ri ) (0 ≤ i ≤ k) be the minimum required time from O to
D when knowing the occurrence of the congested sequence Ri in advance. For
i = 0, let Topt (OD|Ri ) = Topt (OD).
(5) Suppose that the vehicle meet the congested vertex ri at the adjacent
vertex Oi (1 ≤ i ≤ k). Let Topt (Oi D|Ri ) be the minimum time for the vehicle
to move along the optimal route from Oi to D when the congested sequence Ri
is known in advance.
(6) Let T TALG(OD|Ri ) (1 ≤ i ≤ k) be the total time that online algorithm
ALG spent from O to D in the face of the congested sequence Ri one by one.
(7) Suppose that Topt (OD) + T (Rk ) > Topt (OD|Rk ). Otherwise, the vehicle
can reach the destination within the shortest time after each recovery of the
roads when meeting each congestion.
Deﬁnition 1. For any graph G, Topt (OD|Rk ) and T TALG(OD|Rk ) is called
oﬀ-line time and on-line time separately.
Deﬁnition 2. For any graph G, if there is only constant α, related to the number k of sequence of the congested sequence Rk , and any constant β meets this
condition
T TALG(OD|Rk ) ≤ αTopt (OD|Rk ) + β,
then ALG is called as α-competitive for the on-line problem [1–5].
In fact, the following lemma can be directly obtained from the graph theory.
Lemma 1. It holds that
Topt (OD) ≤ Topt (OD|R1 ) ≤ Topt (OD|R2 ) ≤ · · · ≤ Topt (OD|Rk ).
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Analysis on the Three Basic Strategies

Literature [10] has the minimum cost needed for vehicles in transportation as
its optimized objective, putting forward the competitive algorithms of greedy
strategy and reposition strategy. Here we will draw out these two strategies and
analyze their competitive ratio and competitive performance, taking time as the
optimized objective.
3.1

Greedy Strategy

Greedy Strategy: When the carrier reaches Oi and ﬁnds that the next vertex
ri is congested, he can choose the shortest path from the current vertex Oi to
D after excluding the congested vertex sequence Ri , and then moves along this
path.
Denote the Greedy Strategy as A, and we obtain the following theorem.
Theorem 1. For online vehicle scheduling problem with the congested sequence
Rk , the competitive ratio of A is 2k+1 − 1.
Proof. The vehicle starts from O and takes the route according to Greedy Strategy when meeting congested vertex and gets to the destination D, then the route
that the vehicle takes is OO1 O2 · · · Ok D. The total time it takes is T TA (OD|R),
which satisﬁes
T TA (OD|Rk ) ≤ Topt (OD)+Topt (O1 D|R1 )+Topt (O2 D|R2 )+· · ·+Topt (Ok D|Rk ).
Note that Topt (OO1 ), Topt (O1 O2 |R1 ), Topt (O2 O3 |R2 ),· · ·, Topt (Ok−1 Ok |Rk−1 ),
are parts of Topt (OD), Topt (O1 D|R1 ), Topt (O2 D|R2 ), · · · , Topt (Ok−1 D|Rk−1 ), respectively. Using lemma 1, it follows that
Topt (O1 D|R1 ) ≤ Topt (O1 O) + Topt (OD|R1 ) ≤ 2Topt (OD|R1 ),
Topt (O2 D|R2 ) ≤ Topt (O2 O1 |R1 ) + Topt (O1 O) + Topt (OD|R2 )
≤ 22 Topt (OD|R2 ),
··· ,
Topt (Ok−1 D|Rk−1 ) ≤ Topt (Ok−1 Ok−2 |Rk−2 )
+ · · · + Topt (O1 O) + Topt (OD|Rk−1 )
≤ 2k−1 Topt (OD|Rk−1 ),
Topt (Ok D|Rk ) ≤ Topt (Ok Ok−1 |Rk−1 ) + Topt (Ok−1 Ok−2 |Rk−2 )
+ · · · + Topt (O1 O) + Topt (OD|Rk )
≤ 2k Topt (OD|Rk ).
Therefore, we have
T TA(OD|Rk ) ≤ Topt (OD) + 2Topt (OD|R1 ) + 22 Topt (OD|R2 )
+ · · · + 2k Topt (OD|Rk )
≤ (2k+1 − 1)Topt (OD|Rk ).
This ends the proof.
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Remark 1. Note that, regarding to Greedy Strategy, the online time that the
vehicle takes to move goods from O to D can be 2k+1 − 1 times as much as it
takes for the oﬀ-line problem in the worst case. So this strategy is not feasible in
such case. But if the time taken to go along the optimized route every time when
meeting with the congested vertex is “relatively shorter”, it’s quite economic to
adopt this strategy. In normal situation, as for the congested vertex, the time
it takes to go along the roads can be either short (i.e., “good road”) or long
(i.e., “bad road”). Going along the “good road” is of course more economic and
going along the “bad road” takes longer time. So it comes to the situation that
it’s a pity to give it up but risky to adopt. The competitive performance of this
strategy is positive, but risky.
3.2

Reposition Strategy

Reposition Strategy: When the carrier reaches Oi and ﬁnds that the next
vertex ri is congested, he moves back to the origin O along the current route and
then chooses the optimal path in G exclusive of the set of the known congested
vertices.
Denote Reposition Strategy as B, and we have the following theorem.
Theorem 2. For online vehicle scheduling problem with the congested sequence
Rk , the competitive ratio of B is 2k + 1.
Proof. The vehicle departs from the origin O. According to Reposition Strategy,
the total online time taken to go from O to D for the vehicle when meeting the
congested vertex is T TB (OD|R). It satisﬁes
T TB (OD|Rk ) ≤ 2Topt (OD) + 2Topt (OD|R1 ) + 2Topt (OD|R2 )
+ · · · + 2Topt (OD|Rk−1 ) + Topt (OD|Rk )
≤ 2Topt (OD|Rk ) + 2Topt (OD|Rk ) + 2Topt (OD|Rk )
≤ + · · · + 2Topt (OD|Rk ) + Topt (OD|Rk )
= (2k + 1)Topt (OD|Rk ).
This completes the proof.
Remark 2. Note that, regarding to Reposition Strategy, the time that the vehicle
takes to move goods from the origin to the destination can be 2k + 1 times as
much as it takes for the oﬀ-line problem in the worst case. Compared with
Greedy Strategy, Reposition Strategy is avoiding the risk from taking the “bad
road” but missing the opportunity of taking the “good road”. Taking Reposition
Strategy is not risky but conservative. So we say, the competitive performance
of Reposition Strategy is safe but conservative.
3.3

Waiting Strategy

Waiting Strategy: The carrier stays waiting every time when meeting a congested vertex until it is recoverable, and then he continues moving along the
original route.
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Denote Waiting Strategy as C. We have that the online time is T TC (OD|Rk )=
Topt (OD) + T (Rk ), and the oﬄine time is Topt (OD|Rk ). Thus, it follows that
T TC (Rk )
Topt (OD) + T (Rk )
=
.
Topt (OD|Rk )
Topt (OD|Rk )
Remark 3. The competitive ratio of Waiting Strategy is not only connected with
the number of the congested vertex but the waiting time T (Rk ). When T (Rk ) is
small, the competitive ratio is close to 1; but when T (Rk ) is large, the competitive ratio is large, too. Therefore, the competitive ratio of Waiting Strategy is
increasing with T (Rk ), to an endless amount. So the competitive performance
of Waiting Strategy is both economic and risky.
Here, a very practical question is lying before the carriers: which strategy are
they to choose to arrange their vehicles? Let’s ﬁrst look at a simple example.
3.4

A Simple Example

Suppose in Figure 1, the vehicle, going from O to D, will in turn meet three congested vertices R = {r1 , r2 , r3 } at the the adjacent vertices Oi (i = 1, 2, · · · , 18)
while travelling by whatever route. And we have t(r1 ) = 2, t(r2 ) = 1, t(r3 ) = 0.5.
To distinguish two routes between O6 and D, we mark a node O0 . Suppose
that no information about three congested vertices or three adjacent vertices
be known before hand, nor be the information about the removing time known.
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Fig. 1. The Diagram of the Competitive Analysis
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The weight of edges shows the time for the vehicle to go through the distance.
What is to be considered now is which road to take so that the time is relatively
less.
(1) If the vehicle takes the route according to Greedy Strategy, going along
the optimized route OO1 O2 O3 D, it meets the congested vertex r1 when coming
to O1 ; if r1 is known, the optimized route O1 O4 O5 D from O1 to D can be
ﬁgured out. Then the vehicle goes along this route. When it reaches vertex O4
and meets the congested vertex r2 , the optimized route O4 O6 D from O4 to D
can be ﬁgured out if r1 , r2 is known. Then the vehicle goes on along this route.
When it comes to vertex O6 and meets the congested vertex r3 , if r1 , r2 , r3 is
already known, the optimized route O6 O0 D from O6 to D can be ﬁgured out.,
then the vehicle goes on along this route to the destination D. Therefore, the
route that the vehicle takes is OO1 O4 O6 O0 D. It’s easy to ﬁgure out the time
how long it takes the vehicle to go through this route, which is 9.1.
(2) If the vehicle takes the route according to Reposition Strategy, it goes
along the optimized route OO1 O2 O3 D and reaches the vertex O1 . Then when
it meets the congested vertex r1 , it returns along O1 O. If r1 is already given,
going along the optimized route OO7 O8 O9 D, it will return along O7 O at the
vertex O7 when meeting congested vertex r2 ; if r1 , r2 is given, going along the
optimized route OO13 O14 O15 D, it will return along O13 O at the vertex O13 when
meeting congested vertex r3 ; if r1 , r2 , r3 is given, going along the optimized route
OO16 O17 O18 D, it will reach the destination D. So the route that the vehicle takes
is OO1 OO7 OO13 OO16 O17 O18 D. It’s easy to ﬁgure out the time the vehicle takes
is 4.8.
(3) If the vehicle takes the route according to Waiting Strategy, it will stop
to wait at the vertex O1 when meeting congested vertex r1 while going along the
optimized route OO1 O2 O3 D. In a time period of two after the congested vertex
r1 is recoverable, the vehicle continues its trip along the original route. Then it
reaches vertex O2 and meets congested vertex r2 . After waiting for a time-period
of one, the congested vertex r2 is recoverable and the vehicle continues its trip
along the original route and reaches the vertex O3 . At the vertex 3 it meets
congested vertex r3 then wait for a time period of 0.5. After congested vertex r3
is removed, this vehicle goes along the same route and reaches the destination
D. It’s easy to ﬁgure out the time that the vehicle takes in the whole trip is 4.2.
(4) Now let’s consider another strategy. For the convenience of discussion,
we assume that the minimum time be the optimal route, because w(·) shows
the time of the optimal route, i.e., the minimum time. The vehicle starts at O
along the optimized route OO1 O2 O3 D and meets congested vertex r1 at the
vertex O1 . If r1 is given, the optimized route from O1 to D can be ﬁgured out,
which is w(O1 O4 O5 D) = 1.3; and the optimized route from O to D, which is
w(OO7 O8 O9 D) = 0.8. Meanwhile, both the waiting time at vertex O1 , which
is t(r1 ) = 2, and the sum of it with the distance w(O1 O2 O3 D) = 0.1 to go
after the congested vertex r1 is removed, can be ﬁgured out, which is 2.1. It
can be seen that w(OO7 O8 O9 D) = 0.8 is the shortest among the three alternatives. Then the decision is to go back from O1 to O, and go on along
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OO7 O8 O9 D. It meets congested vertex r2 when coming to the vertex O7 . If
r1 , r2 is given, the following items can all be ﬁgured out: the optimized route
from O7 to D is w(O7 O10 O11 D) = 0.4 and the optimized route from O to D is
w(OO13 O14 O15 D) = 0.9; the waiting time at the vertex O7 is t(r2 ) = 1, plus
the distance w(O7 O8 O9 D) = 0.1 to go after r2 is recoverable, the sum is 1.1.
The smallest among the three is w(O7 O10 O11 D) = 0.4, so the vehicle chooses to
go along this route. It comes to the vertex O10 and meets congested vertex r3 .
Knowing r1 , r2 , r3 , the optimized route w(O10 O12 D) = 1.3 from O10 to D; and
the optimized route w(OO13 O14 O15 D) = 0.9 from O to D can be ﬁgured out.
And the waiting time at the vertex O10 is t(r3 ) = 0.5; the sum of it with the
distance w(O10 O11 D) = 0.1 to go after the congestion at the vertex r3 is recoverable, is 0.6. And the smallest of the three is t(r3 ) = 0.6, so the decision is to
wait at the vertex O10 for a time period of 0.5 until the congestion at the vertex
r3 is recoverable. The vehicle goes on along the route O10 O11 D and reaches the
destination D. It’s easy to ﬁgure out the time for the vehicle to ﬁnish the whole
trip is 2.8.
Remark 4. It can be seen from this example that, just as what has already been
said, the performance of Greedy Strategy is active but risky; Reposition Strategy,
conservative but safe; and the performance of Waiting Strategy is directly related
to T (Rk ). In Case (4), Reposition Strategy is adopted to avoid the risk of going
along the “bad road”. It also choose Greedy Strategy to grasp the chance of
going the “good road”. Meanwhile, it chooses to wait for some time to go on
the optimized route. As a result, it is better than other strategies in practical
use. Being illuminated by Case (4), we hope to ﬁnd a good strategy in way of
combining the three strategies together, so that the best choice may be made
among the three strategies: Greedy Strategy, Reposition Strategy and Waiting
Strategy, every time when the vehicle meets congestion. Thus, we will present
the following Simple Choice Strategy that is more economic and feasible.

4

Competitive Analysis of Simple Choice Strategy

Simple Choice Strategy: When the vehicle meets a congested vertex ri with
the number i (i = 1, 2, · · · , k), the carrier ﬁrst ﬁgures out
Ti = min{Topt (Oi D|Ri ), Topt (OD|Ri ), t(ri ) + Topt (Oi D|Ri−1 )},
and then he chooses which strategy to go the later route according to the following condition.
(1) If Ti = Topt (Oi D|Ri ), the vehicle will choose the route according to Greedy
Strategy.
(2) If Ti = Topt (OD|Ri ), the vehicle will go according to Reposition Strategy.
(3) If Ti = t(ri ) + Topt (Oi D|Ri−1 ), the vehicle will go according to Waiting
Strategy .
Note that, to ﬁgure out Ti , knowing Topt (Oi D|Ri ), Topt (OD|Ri ) and t(ri ) +
Topt (Oi D|Ri−1 ). If three of them are equal, or at least two of them are equal,
the carrier takes Ti = t(ri ) + Topt (Oi D|Ri−1 ) ﬁrst, then Ti = Topt (Oi D|Ri ).
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Denote Comparison Strategy as D, and then it comes the following theorem.
Theorem 3. For online vehicle scheduling problem with the congested sequence
Rk and the relatively recoverable time sequence T (Rk ), the competitive ratio of
D is 2k + 1.
Proof. (1) For all i ∈ {1, 2, · · · , k}, if there always comes Ti = Topt (Oi D|Ri ),
then the vehicle can choose the route according to Greedy Strategy all the way.
The total time is T TD (OD|Rk ), which satisﬁes
T TD (OD|Rk ) ≤ w(OO1 )+Topt(O1 D|R1 )+Topt(O2 D|R2 )+· · ·+Topt (Ok D|Rk )
≤ Topt (OD)+Topt (OD|R1 )+Topt (OD|R2 ) + · · ·+Topt (OD|Rk ).
Using lemma 1, it follows that
T TD (OD|Rk ) ≤ (k + 1)Topt (OD|Rk ).
(2) In the worst case, for all i ∈ {1, 2, · · · , k}, if there comes Ti = Topt (OD|Ri ),
then the vehicle will go along the route according to Reposition Strategy all the
way. According to theorem 2, the total time is T TD (OD|Rk ), which satisﬁes
T TD (OD|Rk ) ≤ (2k + 1)Topt (OD|Rk ).
(3) For all i ∈ {1, 2, · · · , k}, if there always comes Ti = t(ri )+Topt (Oi D|Ri−1 ),
then the vehicle will go on the route according to Waiting Strategy. The total
time is
T TD (OD|Rk ) = Topt (OD) + T (Rk )
≤ Topt (OD) +

k


Topt (OD|Ri )

i=1

≤ (k + 1)Topt (OD|Rk ).
(4) There exist j vertices ri1 , ri2 , · · · , rij (1 ≤ i1 < i2 < · · · < ij ≤ k, 1 ≤ j <
k), so that
Ti1 = Topt (OD|r1 , r2 , · · · , ri1 ),
Ti2 = Topt (OD|r1 , r2 , · · · , ri2 ),
··· ,
Tij = Topt (OD|r1 , r2 , · · · , rij ).
(i) The vehicle starts from O. Before the vehicle reaches the congested vertex
ri1 , it is either going along the road of Greedy Strategy or along the road of
Waiting Strategy. According to (1) and (3), the time it takes w11 satisﬁes
w11 ≤ T TD (OD|Ri1 −1 ) ≤ i1 Topt (OD|Rk ).
In this case, because Ti1 = Topt (OD|Ri1 ), the vehicle needs to return to the
origin O by the original road according to the Simple Choice Strategy. The
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vehicle takes w12 ≤ w11 to get back, as it doesn’t need to wait at the original
congested vertex.
So far, the time that the vehicle needs to go back and forth w1 satisﬁes
w1 = w11 + w12 ≤ 2i1 Topt (OD|Rk ).
(ii) The vehicle starts from O in the second time. Before it reaches the congested vertex ri2 , it is either going along the road of Greedy Strategy or Waiting
Strategy. According to (1) and (3), the time it takes w21 satisﬁes
w21 ≤ T TD (OD|r1 , r2 , · · · , ri1 , ri1 +1 , ri1 +2 , · · · , ri2 −1 ) ≤ (i2 − i1 )Topt (OD|Rk ).
In this case, similar to (i), it takes the vehicle w2 of time to ﬁnish its trip back
and forth, which satisﬁes
w2 ≤ 2w21 ≤ 2(i2 − i1 )Topt (OD|Rk ).
The rest steps may be deduced by analogy.
(iii) For the time of j, the vehicle starts from O, going either along the road
of Greedy Strategy or Waiting Strategy. Before reaching the congested vertex
rij , the vehicle goes back by the original road to O, similar to (ii). This time, it
takes the vehicle wj of time to ﬁnish its trip back and forth, which satisﬁes
wj ≤ 2(ij − ij−1 )Topt (OD|Rk ).
(iv) For the time of j + 1, the vehicle starts from O, going along the route
either of Greedy Strategy or of Waiting Strategy, until it reaches the destination
D. According to (1) and (3), the time that the vehicle takes to cover this distance
is wj+1 , which satisﬁes
wj+1 ≤ (k − ij + 1)Copt (OD|R).
Therefore, from the origin O to the destination D, the total time is
T TD (OD|Rk ) ≤

l=j+1


wl ≤ 2i1 Topt (OD|Rk ) + 2(i2 − i1 )Topt (OD|Rk )

l=1

+ · · · + 2(ij − ij−1 )Topt (OD|Rk ) + (k − ij + 1)Topt (OD|Rk )
= (k + ij + 1)Topt (OD|Rk ).
Taking (1), (2), and (3) together, according to the deﬁnition of competitive
ratio, we can come to the conclusion that the competitive ratio of the Simple
Choice Strategy D is 2k + 1 for online vehicle scheduling problem with the
congested sequence Rk . This completes the proof.
Remark 5. From the discussion above, it can be seen that Simple Choice Strategy is ultimately promoted in competitive performance, although it has the same
competitive ratio that is 2k +1 as Reposition Strategy. It fully takes the dynamic
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features of the congested vertices into account and the advantages of the three
strategies: Greedy Strategy, Waiting Strategy and Reposition Strategy. Diﬀerent strategies are adopted in diﬀerent situations, so that the best choice is made
among the three strategies every time when the vehicle meets congestion. Greedy
Strategy is used to fully grasp the chance of going the good road; in compulsive
situation, Reposition Strategy is used to avoid the risk of going the bad road or
waiting for too long; choosing to wait for a short time is to go on along the optimized route and avoid the risk of going the bad road. Furthermore, it can avoid
the vehicle to make unnecessary reposition, which is a conservative way. All in
all, the Simple Choice Strategy is a better strategy to integrate the advantages
of all these strategies.

5

Conclusion

The congested vertex problem, which is not foreseeable in choosing what route
to take, is a diﬃculty in dispatching goods. It is worthwhile to fully discuss
how to put the theoretical results into practice. This paper is giving a tentative
solution for online vehicle scheduling problem in transportation, which of course
needs further discussion, for example, how to make the choice of optimized route,
which can save time and cost, whether the congested vertex can recover as time
goes on, etc.
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10. Zhu, Z.J., Xu Y.F., Lü C.C.: Scheduling for on-line routing problem and its competitive strategy analysis. Journal of Systems Engineering. 18(4) (2003) 324–330

