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Abstract. Given a set P of n points in the plane, the two-circle pointlabeling problem consists of placing 2n uniform, non-intersecting, maximum-size open circles such that each point touches exactly two circles.
It is known that it is NP-hard to approximate the label size beyond
a factor of ≈ 0.7321. In this paper we improve the best previously known
approximation factor from ≈ 0.51 to 2/3. We keep the O(n log n) time
and O(n) space bounds of the previous algorithm.
As in the previous algorithm we label each point within its Voronoi
cell. Unlike that algorithm we explicitely compute the Voronoi diagram,
label each point optimally within its cell, compute the smallest label
diameter over all points and finally shrink all labels to this size.

1

Introduction

Label placement is one of the key tasks in the process of information visualization. In diagrams, maps, technical or graph drawings, features like points,
lines, and polygons must be labeled to convey information. The interest in algorithms that automate this task has increased with the advance in type-setting
technology and the amount of information to be visualized. Due to the computational complexity of the label-placement problem, cartographers, graph drawers,
and computational geometers have suggested numerous approaches, such as expert systems [AF84,DF89], zero-one integer programming [Zor90], approximation algorithms [FW91,DMM+ 97,WW97,ZP99], simulated annealing [CMS95]
and force-driven algorithms [Hir82] to name only a few. An extensive bibliography about label placement can be found at [WS96]. The ACM Computational
Geometry Impact Task Force report [C+ 96] denotes label placement as an important research area. Manually labeling a map is a tedious task that is estimated
to take 50 % of total map production time [Mor80].
In this paper we deal with a relatively new variant of the general label placement problem, namely the two-label point-labeling problem. It is motivated by
maps used for weather forecasts, where each city must be labeled with two labels
that contain for example the city’s name or logo and its predicted temperature
or rainfall probability.
The two-label point-labeling problem is a variant of the one-label problem
that allows sliding. Sliding labels can be attached to the point they label anywhere on their boundary. They were first considered by Hirsch [Hir82] who gave
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an iterative algorithm that uses repelling forces between labels in order to eventually find a placement without or only few intersecting labels. Van Kreveld et al.
gave a polynomial time approximation scheme and a fast factor-2 approximation
algorithm for maximizing the number of points that are labeled by axis-parallel
sliding rectangular labels of common height [vKSW99]. They also compared several sliding-label models with so-called fixed-position models where only a finite
number of label positions per point is considered, usually a small constant like
four [FW91,CMS95,WW97]. Sliding rectangular labels have also been considered for labeling rectilinear line segments [KSY99]. Another generalization was
investigated in [DMM+ 97,ZQ00], namely arbitrarily oriented sliding labels.
Point labeling with circular labels, though not as relevant for real-world applications as rectangular labels, is a mathematically interesting problem. The
one-label case has already been studied extensively [DMM+ 97,SW00,DMM00].
1
[DMM00].
For maximizing the label size, the best approximation factor now is 3.6
The two- or rather multi-label labeling problem was first considered by Kakoulis and Tollis who presented two heuristics for labeling the nodes and edges
of a graph drawing with several rectangles [KT98]. Their aim was to maximize
the number of labeled features. The algorithms are based on their earlier work;
one is iterative, while the other uses a maximum-cardinality bipartite matching
algorithm that matches cliques of pairwise intersecting label positions with the
elements of the graph drawing that are to be labeled. They do not give any
runtime bounds or approximation factors.
For the problem that we consider in this paper, namely maximizing the size
of circular labels, two per point, Zhu and Poon gave the first approximation
algorithm [ZP99]. They achieved an approximation factor of 12 . Like all following
algorithms, their algorithm relies on the fact that there is a region around each
input point p such that p can be labeled within this region and this region does
not intersect the region of any other input point. The size of the region—in their
case a circle centered at p—and thus the labels is a constant fraction of an upper
bound for the maximum label size.
Recently Qin et al. improved this result [QWXZ00]. They gave an approxi1
mation algorithm with a factor of 1+cos
18◦ ≈ 0.5125. They also state that it is
NP-hard to approximate the label size beyond a factor of ≈ 0.7321. The regions
into which they place the labels are the cells of the Voronoi diagram. However,
they do not compute the Voronoi diagram explicitely, but use certain properties
of its dual, the Delauney triangulation. For estimating the approximation factor
of their algorithm they rely on the same upper bound for the maximum label
size as Zhu and Poon, namely the minimum (Euclidean) distance of any pair of
input points.
In this paper we give an algorithm that also places the labels of each point
into its Voronoi cell. However, unlike the previous algorithm we do this optimally
and compare the label diameter of our algorithm not to an upper bound but
directly to the optimal label diameter. This yields an approximation factor of
2/3, which nearly closes the gap to the non-approximability result stated above.
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At the same time we keep the O(n log n) time and O(n) space bounds of the
previous algorithms, where n is the number of points to be labeled.
This paper is organized as follows. In Section 2 we prove that in each cell of
the Voronoi diagram of the given point set P there is enough space for a pair
of uniform circular labels whose diameter is 2/3 times the optimal diameter for
labeling P with circle pairs. In Section 3 we show how to label points optimally
within their Voronoi cells and state our central theorem.
The actual label placement is a special case of a gift wrapping problem, where
the gift is a coin (as large as possible) and the wrapping a convex polygonal piece
of paper that can only be folded once along a line. Our problem is special in
that it specifies a point on the folding line and thus takes away a degree of
freedom. For the more general problem, the currently best known algorithm
takes O(m log m) time where m is the number of vertices of the convex polygon
[KKSY99]. For our special problem we have a linear-time algorithm, but due to
space constraints we can only give an algorithm that uses standard techniques
for computing the lower envelope of a set of “well-behaving functions”. It runs
in O(m log m) time.
Throughout this paper we consider labels being topologically open, and we
define the size of a solution to be the diameter of the uniform circular labels. A
label placement is optimal if no two labels intersect and labels have the largest
possible size. We will only consider point sets of size n ≥ 2.

2

The Lower Bound

The two-circle point-labeling problem is defined as follows.
Definition 1 (two-circle point-labeling problem). Given a set P of n
points in the plane, find a set of 2n uniform, non-intersecting, maximum-size
open circles such that each point touches exactly two circles.
Zhu and Poon [ZP99] have suggested the first approximation algorithm for
the two-circle point-labeling problem. Their algorithm always finds a solution
of at least half the optimal size. The algorithm is very simple; it relies on the
fact that D2 , the minimum Euclidean distance between any two points of the
input point set P is an upper bound for the optimal label size (i.e. diameter), see
Figure 1. On the other hand, given two points p and q in P , open circles Cp,D2 /2
and Cq,D2 /2 with radius 12 D2 centered at p and q do not intersect. Thus if each
point is labeled within its circle, no two labels will intersect. Clearly this allows
labels of maximum diameter 12 D2 , i.e. half the upper bound for the optimal label
size.
The difficulty of the problem immediately comes into play when increasing
the label diameter d beyond 12 D2 , since then the intersection graph of the (open)
disks Cp,d with radius d centered at points p in P changes abruptly; the maximum
degree jumps from 0 to 6.
Recently Qin et al. have given an approximation algorithm that overcomes
this difficulty and labels all points with circles slightly larger than the threshold
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D2

Fig. 1. D2 is an upper bound for the optimal label size.

1
of 12 D2 . Their diameter is dold = 1+cos
18◦ D2 ≈ 0.5125 D2 . Their algorithm also
assigns each point a certain region such that no two regions intersect and each
point can be labeled within its region. The regions they use are not circles but
the cells of the Voronoi diagram of P , a well-known multi-purpose geometrical
data structure [Aur91]. Instead of computing the Voronoi diagram explicitely
they use the dual of the Voronoi diagram, the Delauney triangulation DT(P ) to
apply a packing argument. DT(P ) is a planar geometric graph with vertex set P
and edges for each pair of points that can be placed on the boundary of an open
disc that does not contain any other points of P [Aur91]. Qin et al. argue that
in DT(P ) each point p can have at most six short edges, where an edge pq is
short if the Euclidean distance d(p, q) of p and q is shorter than 2dold . They show
that among the lines that go through these short edges there must be a pair of
neighboring lines that forms an angle α of at least 36◦ . They place the circular
labels of p with diameter dold such that their centers lie on the angular bisector
of α. Finally they prove that these labels lie completely within the Voronoi cell
Vor(p) of p. The Voronoi cell of p is the (convex) set of all points in the plane
that are closer to p than to any other input point. Thus the Voronoi cells of
two different input points are disjoint and the labels of one input point cannot
intersect the labels of any other.
Both the idea of our new algorithm and the proof of its approximation factor
are simpler than those of its predecessor. However, in order to keep the O(n log n)
time bound the implementation becomes slightly more involved. Our strategy is
as follows. We first show that there is a region Zfree (p) around each input point
p that cannot contain any other input point. The size of Zfree (p) only depends
on the optimal label diameter. Let Zlabel (p) be the Voronoi cell of p that we
would get if all points on the boundary of Zfree (p) were input points. We can
compute the largest label diameter dlower such that two disjoint circular labels
of p completely fit into Zlabel (p). We do not know the orientation of Zlabel (p)
relative to p, but we know that Zlabel (p) lies completely in Vor(p). Thus our
algorithm must go the other way round: we label each point optimally within
its Voronoi cell, compute the smallest label diameter over all points and finally
shrink all labels to this size. Then we know that each label is contained in the
Voronoi cell of its point, and that the labels are at least as large as those that
would have fit into Zlabel (p).
Let Copt be a fixed optimal solution of the input point set P . Copt can be
specified by the label size dopt and an angle 0 ≤ αp < 180◦ for each input point.
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The angle αp specifies the position of a line through p that contains the centers of
the labels of p (at a distance dopt /2 from p). By convention we measure αp from
the horizontal (oriented to the right) through p to the line (oriented upwards)
through the label centers. In the following we assume that dopt = 1; the input
point set can always be scaled so that this is true.
Definition 2. Let Cm,r be an open disk with radius r centered at a point m and
let Hpq be the open halfplane that contains p and is bounded by the perpendicular
bisector of p and q. For each p ∈ P let the point-free zone Zfree (p) = CZ1 , 1 √3 ∪
2
CZ2 , 1 √3 ∪ Cp,1 , where Z1 and Z2 are the centers of the labels L1 and L2 of p in
2
a fixed optimal solution Copt . The label zone Zlabel (p) is the intersection of all
halfplanes Hpq with q a point on the boundary of Zfree (p).
Note that Zfree (p) and Zlabel (p) are symmetric to the lines that form angles
of αp and αp + 90◦ through p. The size of these areas only depends on dopt , their
orientation only on αp , see Figure 2.

T1

q0

T2

Zfree (p)

q
Z1
L1
B1

p
C1

Z2
L2
B2

Fig. 2. The point-free zone does not contain any input point other than p.

Lemma 1. Zfree (p) does not contain any input points except p.
Proof. Refer to Figure 2. It indicates that the boundary of Zfree (p) is the locus
of all input points that are as close to p as possible. First we will show that the
two disks Ci := CZi , 1 √3 (i = 1, 2) do not contain any input point other than p.
2
Let Ti and Bi be the top- and bottommost points on Ci , respectively. The
arc that forms the boundary of Zfree (p) between the points B1 and T1 stems
from rotating a potential input point q around the label L1 of p in Copt such
that the labels of q both touch L1 . This means that the centers√of these three
labels of diameter 1 form an equilateral triangle whose height 12 3 corresponds
to the distance of q and Z1 . In other words, if there was a point q ∈ P \ {p}
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√
with d(q, Z1 ) < 12 3 = radius(C1 ), then in Copt a label of q would intersect L1 ,
a contradiction to Copt being an optimal solution. Due to symmetry the same
holds for C2 . It remains to show that Cp,1 , the third of the three circles that
contributes to Zfree (p), does not contain any input point other than p.
Consider the arc that forms the boundary of Zfree (p) between the points T1
and T2 . This arc is caused by rotating another potential input point q 0 around p
such that each of the labels of q 0 touches a label of p. Observe that the centers
of the four labels of q 0 and p form a rhombus of edge length 1 when q 0 moves
continously from T1 to T2 . Since q 0 and p are the midpoints of two opposite edges
of the rhombus, their distance during this movement remains constant. Clearly
the distance of the edge midpoints equals the edge length of the rhombus, i.e. 1,
which in turn is the radius of Cp,1 . Thus if q 0 entered the area Cp,1 \ (C1 ∪ C2 ),
dqd
a label of q 0 would intersect a label of p in Copt —a contradiction.
Lemma 2. The Voronoi cell of p contains the label zone Zlabel (p) of p.
T
Proof. The Voronoi cell of p can be be written as Vor(p) = v∈P \{p} Hpv . It
T
contains Zlabel (p) = v0 ∈boundary(Zfree (p)) Hpv0 since for all input points v 6= p
dqd
there is a v 0 ∈ boundary(Zfree (p)) such that Hpv contains Hpv0 .
Lemma 3. For each input point p there are two disjoint circles of diameter
dlower = 23 dopt that touch p and lie completely within Zlabel (p).
Proof. We do not compute the boundary of Zlabel (p) explicitely but parameterize the radius r of the labels of p such that we get the largest possible labels
that do not touch the constraining halfplanes of Zlabel (p).
Our coordinate system is centered at p and uses four units for dopt , see
Figure 3. We show that for any point q on the boundary of Zfree (p) the halfplane Hpq does not intersect the labels of p whose centers we place at Z1 (−r, 0)
and Z2 (r, 0). The interesting case is that q lies on the circle C2 and above the
x-axis. Let q 0 be the point in the center of the line segment pq. Then q 0 lies
on the bold dashed circle with the equation (x − 1)2 + y 2 =√3. We parame0
terize the
p x-coordinate of q using the variable t ∈ [1, 1 + 3]. The vector
0
q = (t, 3 − (t − 1)2 ) is normal to the boundary hpq of the halfplane Hpq .
Hence the distance of any point s to hpq is given by the normalized scalar pro0
)q 0 |
. For s = Z2 (r, 0), the center
duct of (s − q 0 ) and q 0 , namely d(s, hpq ) = |(s−q
kq 0 k
of one of the labels of p, we have
|rt − 2t − 2|
.
r = d(Z2 , hpq ) = p
2(t + 1)
Since the enumerator is always less, and the denominator greater than zero,
√
. The zeros of f 0 are given by the equation 0 =
we get r = f (t) = 2(t+1)
t+ 2(t+1)
p
2(t + 1) − 1 − √(t+1) which yields a minimum of r = 43 at t = 1 for t ∈
2(t+1)
√
[1, 1 + 3]. This value of r corresponds to a label diameter of 23 according to the
dqd
original scale with dopt = 1. The case for Z1 (−r, 0) is symmetric.
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Fig. 3. Estimating the size of the label K2 of p.

3

The Algorithm

In this section we first show how to label a point optimally within its Voronoi
cell and then combine this result with the lower bound of the previous section
to design a new approximation algorithm for two-circle point-labeling.
Lemma 4. A point p that lies in the interior of a convex polygon G with m
vertices v1 , . . . , vm can be labeled with two disjoint uniform circles of maximum
size in O(m log m) time and O(m) space.
Proof. Our algorithm works conceptually as follows. We compute a continuous
function f that maps an angle 0 ≤ α < 2π to the largest radius rα such that
the disk Czα ,rα touches p and lies completely within G, and such that at the
−
→
same time the disk’s center zα , the point p and the horizontal hp (directed to
the right) through p form an angle of size α.
Since we want to find an angle that maximizes the common radius of two disjoint circular labels of p, we have to determine an angle α such that min(rα , rα+π )
is maximized. We do this by computing the maximum of the lower envelope of
f and f 0 where f 0 (α) = f (α + π mod 2π). Since f (and thus f 0 , too) consists of
at most 2n monotonous pieces (see below), the maximum value of the piecewise
minimum of f and f 0 can be computed from a suitable representation of f in
linear time. Finally the position of the centers of the maximum size labels of p
is given by the angle α that yields the maximum value of min(f (α), f 0 (α)). The
labels’ radius is of course rα .
It remains to show how to compute f . This can actually be done by a kind
of circular sweep around p in O(m) time and space if the vertices of G are given
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in the order in which they appear on G. During the sweep the problem is to find
out on the fly which edges do and which do not contribute to f .
However, since a runtime of O(m log m) suffices for the sequel, we can use a
much more general approach, namely again the computation of lower envelopes.
Let `i be the line that goes through the polygon vertices vi and vi+1 mod m and
−
→
let βi be the angle that `i (directed upwards) forms with hp , see Figure 4. Let
fi be the function that maps 0 ≤ α < 2π to the radius of the unique circle that
touches `i and p and makes the ray from p to its center ci (α) form an angle of α
−
→
with hp . fi has a unique minimum at βi + π/2 (to which it is symmetric modulo
2π) and a discontinuity at βi + 3π/2.

vi
βi

ci (α)
p

vi+1

α

Fig. 4. Notation.

`i

−
→
hp

p

`j
`i

Fig. 5. There are exactly two circles that
touch `i , `j and p.

Two functions fi and fj with i 6= j intersect exactly twice, namely in the
angles that correspond to the two circles that touch `i , `j and p, see Figure 5.
(Note that if `i and `j are parallel, p has to lie between them.) The fi can
be represented (and these representations can be computed in constant time
each) such that the intersections of fi and fj can be computed in constant time
for each pair (i, j). Thus we can use the simple devide-and-conquer algorithm
described in [AS99][Theorem 2.8] to compute the lower envelope of f1 , . . . , fm
in O(m log m) time using O(m) space. The lower envelope of these functions
corresponds to f , since the minimum over f1 , . . . , fm gives us, for each angle
α, the radius of the largest (open) circle that does not intersect any of the
constraining lines `1 , . . . , `m and whose center lies in the desired direction relative
to p. The discontinuities of the fi do not matter; they disappear already after
dqd
the first merge operation of the devide-and-conquer algorithm.
Theorem 1. A set P of n points in the plane can be labeled with 2n non-intersecting circular labels, two per point, of diameter 2/3 times the optimal label
size in O(n log n) time using linear space.
Proof. Our algorithm is as follows. First we compute the Voronoi diagram of P .
This takes O(n log n) time and linear space [Aur91]. Then for each input point p
we use the algorithm described in the proof of Lemma 4 to compute the largest
pair of circles that labels p within the Voronoi cell Vor(p) of p. Let dp be the
Since
diameter of these circles. Let mp < n be the number of edges of Vor(p).
P
the complexity of the Voronoi diagram is linear [Aur91], we have p∈P mi =
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P
O(n).
P O( p∈P mi log mi ) =
P Thus, with Lemma 4, we can place all labels in
O( p∈P mi log n) = O(n log n) time in total, using O( p∈P mi ) = O(n) space.
We set dalgo = minp∈P dp and go through all input points once more. We scale
d
the labels of each point p by a factor of algo
dp using p as the scaling center. We
output these scaled labels, all of which now have diameter dalgo . Clearly this
algorithm runs in O(n log n) time and uses linear space.
d
Its correctness can be seen as follows. Since algo
dp ≤ 1, the scaled labels lie
completely in the original labels. Each of these lies in its label zone which in
turn lies in the corresponding Voronoi cell according to Lemma 2. Thus no two
of the scaled labels intersect. It remains to show that dalgo ≥ dlower .
Lemma 1 guarantees that for each input point p there is an orientation (namely that determined by the centers of the labels of p in Copt ) such that the label
zone Zlabel (p) lies completely within Vor(p). We do not know this orientation,
but Lemma 3 asserts that there are two disjoint labels for p, both of diameter
dlower , that lie within Zlabel (p)—and thus within Vor(p). This is true even for a
point q that receives the smallest labels before scaling, i.e. dq = dalgo . On the
other hand we have dq ≥ dlower since dq is the maximum label diameter for a
dqd
pair of labels for q that lies completely within Vor(q).
Acknowledgments. We are extremely indebted to Tycho Strijk, Utrecht University, for pointing out a mistake in the proof of Lemma 2.
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